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Abstract: The second and third-order elastic constants and pressure derivatives of
second- order elastic constants of trigonal LiNbOj; (lithium niobate) have been
obtained using the deformation theory. The strain energy density estimated using
finite strain elasticity is compared with the strain dependent lattice energy density
obtained from the elastic continuum model approximation. The second-order
elastic constants and the non-vanishing third-order elastic constants along with the
pressure derivatives of trigonal LiNbO; are obtained in the present work. The
second and third-order elastic constants are compared with available experimental

values. The second-order elastic constant C,, which corresponds to the elastic
stiffness along the basal plane of the crystal is less than (C,, which corresponds to

the elastic stiffness tensor component along the c-axis of the crystal. The pressure
derivatives, dCi’l_ /dp obtained in the present work, indicate that trigonal LiNbO;

is compressible. The higher order elastic constants are used to find the generalized
Gruneisen parameters of the elastic waves propagating in different directions in
LiNbOs;. The Brugger gammas are evaluated and the low temperature limit of the
Gruneisen gamma is obtained. The results are compared with available reported
values.
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Introduction

Lithium niobate (LiNbOs;) has received much attention in recent years because of its
extensive applications in the field of device fabrications as well as material characterization.
The stability of the phase over a wide range of temperature, and optical anisotropy explores
its use as an efficient ferroelectric material" % It is also used in the field of electro- and
elasto-optics because of its large electro-mechanical coupling coefficients®>. An acoustical
tone burst in the crystal makes it special in the field of acoustics and ultrasonics’’. LiNbO5
finds its application also in the field of holographic imaging, optical waveguides and modern
optical parametric oscillators®'’. Its large spontaneous polarization and non linear optical
activity make it favorite in the thermal, electrical and optical areas'" '*. Its superior
piezoelectric performance makes it a potential candidate for replacing quartz. The
knowledge of higher order elastic constants is essential for the study of anharmonic
properties of LiNbOj;. Elastic constants also provide insight in to the nature of binding forces
between the atoms since they are represented by the derivatives of the internal energy.

LiNbO; exhibits a perovskite structure having two phases of trigonal symmetry with ten

atoms per unit cell: a high symmetric paraelectric phase (space group R3c) stable above

1480K and a ferroelectric ground state(space group R3c )™ '*. In the high symmetry state

Li* ions are located at the corners of the rhombohedral unit cell, O% atoms are at the face
centers and the Nb>* ion is occupying the body centre. The rhombohedral unit cell is defined
by a lattice parameter of 5.492A° and an angle of 55° 53”. The LiNbO; structure can also be
described as a hexagonal lattice with lattice dimension of a=5.151A° and c=13.876A°.

The present objective is to study the vibrational anharmonicity of long wavelength
acoustic modes of trigonal LiNbO;. Also here we make an attempt to calculate the complete
set of second- and third-order elastic constants. Pressure derivatives of the second-order
elastic constants and generalized Gruneisen parameters of elastic waves are also
determined. Low temperature lattice thermal expansion of trigonal LiNbOj is also obtained.
The results are compared with those obtained by other workers' 2.

Cho er al® determined all fourteen third order elastic constants of the crystal at room
temperature from measured values of the velocity variation of small amplitude ultrasonic waves.
Nakagawa et al*' have determined all fourteen elastic constants of the congruent crystal at room
temperature by using the same method”™ but they have determined the constants without
correction. On the other hand Philip et al** determined C);; by measuring the amplitude of the
second-harmonic wave of the longitudinal wave propagating along the X-axis. In the case of
determining Cjy;, this method does not need correction because the longitudinal wave
propagating along the X- axis has no electromechanical coupling coefficient. The larger
magnitudes of Cyy; (as well as C,p and Cs33) appear to be more valid?®?.

Second and third order elastic constants.
Considering interactions up to third nearest neighbours in LiNbO; the potential energy per
unit cell® is

P=0,+ Y ORI+ R(J) (1)

The components of the interatomic vectors under a homogeneous deformation are given by
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R()=R.()+ > &;R,(I) and
RI()=R,()+ Y &;R,())+W, )

where &€ j are the deformation parameters and are related to the macroscopic Lagrangian

strains 77, by

1
n, = 5{8’7 +e;+ zk:gkl.gkj} 3)

W; are the components of the internal displacements of the lattice of particles of type J
relative to the lattice of particles of the type I and are replaced by the relative internal
displacements

W, =W, +> eW, )
J

When the crystal is homogeneously deformed®* equation (2) becomes

R(J)=R,(+ D &R, (J) (5)

J
We expand the potential energy of the crystal in powers of the changes in the scalar products
of the interatomic vectors™, and incorporate the two and three-body interactions in the
expression for the potential energy. For instance, the two-body and three-body potentials

among the first neighbour atoms (I atoms) are written, respectively, as

¢ = 1 > {% o,[R'(.R'(I)- R().RIDJ + é EIR(D.R'(I) - R(I).R(I )]3}

29
and
1 1
= — —O'1 . - . + . - : +
e 22 : {[R'(I)R'(I') R(D.RIHF +[R(D.R(I") R(I)R(I”)]2}

1 ’ ’,y? ~13 ’ roy” »\ 13
gvl{[R (D.R'(I"y-= R(I).RUN] +[R(1).R'(I"y— R(I).R(I )]}] (6)

Here I' and I" are the neighbouring atoms lying on either side of a given atom /. The
second-order parameters for the two-body interactions as well as the three-body interactions

for the first neighbour atoms (/ atoms) are written, respectively as &; and O, . The third-
order parameters for the two-body interactions as well as the three-body interactions for the
first neighbour atoms (/ atoms) are written, respectively as é ,and D, .

The strain energy derived from continuum model approximation®* is

1 1

U= _'z Cijklnijnkl + 2 z Cijklmnnij Tl +eeeeenens @)
2‘ ijkl 3 ijklmn

where C ikl and C are the second and third order elastic constants in tensor form

respectively. Comparing this with the lattice energy from equation (6) we get the
expressions for the second-order and third-order elastic coefficients of trigonal LiNbOs.

ijklmn
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The second-order elastic coefficients are given in Voigt notation in equation (8).

C,, =[57.81a, +51.56c;, + 658.84c;, + 28910, +25.780, |B (8a)
C,, =[19.26c, +17.19c, +219.55¢, —9.640, —8.590, |B (8b)
C,, =[0.70a, + 6.25a, +9.72a2, —0.350, —0.310, |P*B (8¢)
C,, =[0.60a, +10.22cr, +12.02cx, — 0.300, —5.110, |PB (8d)
C,, =[0.46a, +1.39a, +0.93a, +0.460, +1.395,|P*B (8e)
C,, =[0.70a, +6.250, +9.72¢;, + 0.350, +0.310, |P*B (8f)

C, =[19.27a, +17.19a, +219.61c, +19.260, +17.190,|PB  (8g)
where B=107a"
Here ‘a’ is the lattice parameter and ‘P’ is the axial ratio c/a of the trigonal crystal LiNbOs.

The second-order parameters characterizing the two-body interactions &, 0y and &, for

the first, second and third neighbours and the three-body interactions 0, and O, for the

first and second neighbours are chosen to have an exact fitting of the experimental values of
the second-order elastic constants of LiNbO; measured by Takanaga et al'> and are given in
Table 1. These values are used in Equation (8) to obtain the second-order elastic constants of
LiNbOs;. The values of second-order elastic constants of LiNbOj3 thus obtained are given in
Table 2 along with other reported values of Takanaga et al”’, Ogi et al'®, Kushibiki et al'’,
Kovacs et al'® and Damle'”.

Table 1 Values of second-order potential parameters (in G Pa) of LiNbO;

Parameters Values
a,B -0.24
a,B 1.24
a,B 0.20
o,B -1.57
o,B 2.44

The third-order elastic coefficients are given in Voigt notation in equation (9).

C,,, =[129.91&, +250.95¢, +3618.64&, +28.80v, —125.500, D (9a)

C,p, = [12.03&, +83.65&, +1065.51&, +6.020, +41.800, |D (9b)
C, 5 = [0.44¢, +28.20&, + 42528, +0.21v, +14.100, |P*D 9c)
C,., =[0.38&, +48.48E, +52.61&, +0.190, +24.220, |PD (9d)
C,p = [0.15&, +9.40&, +14.17&, —0.07v, —4.700, |P>D (9e)

Cp, = [0.12&, +16.14&, +17.54&, — 0.06v, —8.06v, |PD 9f)
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C,y; = [1.39& +23.76&, +19.57&, —0.700, —11.88v, |P2D 9g)
Cpy, =[0.17&, +5.51&, +3.34&, —0.08v, —2.750, |P°D (9h)
C,. =[0.14& +9.40&, +14.17&, —0.07v, — 4.700, |P*D i)
C,ss = [0.44¢, +28.20&, +42.51&, —0.07v, —4.700, |P>D %))
C,,, =[106.64&, +306.60&, +4187.41&, +52.430, +69.680,]D  (9K)
C,yy =[0.13&, +0.64&, +0.26&, +0.13v, +0.64v, [P°D 1)
C,., =[0.19¢ +3.28&, +2.70&, +0.100, +1.640,|P*D (9m)
C,. =[-0.17& =551, —=3.34&, —0.040, —1.380,]P°D (9n)

where D =107a°

Table 2 Second-order elastic constants of LiNbO; (in G Pa) along with the reported values

Reported Values®

G Present

values Ref. [15] Ref. [16] Ref. [17] Ref. [18] Ref. [19]
Ch 198.9 198.9 199.5 198.9 198.4 203.1
Cn 54.7 54.7 55.3 54.7 54.7 53.0
Ci 67.3 67.3 67.7 68.0 65.1 74.2
Cu 7.8 7.8 8.7 7.8 7.9 8.5
Cs; 233.7 233.7 235.2 234.2 2279 241.3
Cy 70.4 59.9 59.5 59.9 59.7 64.6
Ces 72.1 72.1 72.1 72.1 71.8 75.1

The third-order potential parameters characterizing the two-body interactions é 1 fz and

f 5 for the first, second and third neighbours and the three-body interactions ¥; and 0, for

the first and second neighbours are chosen to have an exact fitting of the experimental
values of the third-order elastic constants of LiNbO; reported by Cho et al*” in equation (9).
The values of the third-order potential parameters thus calculated are given in Table 3. The
values from Table 3 have been used in equation (9) to obtain all the third-order elastic
constants of LiNbOj. The values of third-order elastic constants thus obtained for LiNbO;
are collected in Table 4 along with the reported values of Cho et al® Nakagawa et al* and
Philip et al®.



127 THRESIAMMA PHILIP et al.

Table 3 Values of third-order potential parameters (in G Pa) of LiNbO;

Parameters Values
le -11.11
&,D -4.19
§3D 0.50
v,D 40.58
v,D 2.24

Pressure derivatives of the second order elastic constants.

The stress tensor 7, is defined by Murnaghan®® as

P :E: &, | 8U | 9,

1

T, ="
Po “pq da 4 du

p 12 q

(10)

where 0 and p, are the densities @; and X; are the co-ordinates of material particles

in the natural and deformed state respectively. 1; arethe Lagrangian strain parameters and

U is the strain energy density.
Comparing this with the expression for stress

T, =—pd,; + zc;jklﬂkl (In
Kl

ﬁ , being the infinitesimal strain parameter and p being the pressure, the expressions for
the effective second-order elastic constants C i/jkl can be obtained”’ to the first-order in
Lagrangian strains €, and€ 45 as

Cl,l =Ch+e, [C +C, +3C, +Cy ey [C +C5]

C1,2 =Cpte [C +2C, = Cyy +2C, [+ €5 [Cy5]

C1,3 =Cute [Cy+Cp +C3 ey [Crpy + (5]

C1,4 =Cyte [Cy +Cpyy +2C F e [Cyy]

C;3 =Cyte), [2C5 +2C [+ €5 [Coyy +3C5 ]

’

C44 = C44+611 [C144 + C155 + C44 ]+€33 [C344 + C44]

’

1 1
Coo = Cos T €11 [E[szz —Cpl+ 2C66:|+€33 {E[Cm - C123]} (12)

[C; —Cy1p _ [2C;-C,, -C,1p
3 and €4,= 5
[Cn + C12]C33 - 2C13 [Cn + C12]C33 - 2C13

where €=
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The values of second-order and third-order elastic constants, given in Table 2 and Table 4
respectively, are substituted in equation (12) to get the pressure derivatives of the second-
order elastic constants of LiNbO;, The values thus obtained are given in Table 5

Table 4 Third order-elastic constants of LiNbO; (in G Pa) along with the reported values

Reported values

Cijk Present work
Ref. [20] Ref. [21]  Ref. [22]
Cin -2120 -2120 -512 -1610
Cia -97 -530 454
Cis -570 -570 728
Ciia -361 200 -410
Cix -301 -250 79
Ci -204 40 55
Ciz -749 -780 -34
Ciz -508 150 -1
Cias -300 -300 -37
Ciss =791 -670 -599
Con -2330 -2330 -599
Css3 -2960 -2960 -478
Csyy -774 -680 -540
Cuay 427 -30 -41
Table 5. Pressure derivatives of the second order elastic constants of LiNbO;
dci’j /dp Present work
dcC!, 1 dp 6.36
dcl’z /dp 0.29
dCl'3 /dp 4.26
dcl’4 /dp 3.01
dC;3 /dp 9.81
dc;4 /dp 5.03

AC’_/dn 3.50
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Generalized Gruneisen parameters of elastic waves and low temperature thermal
expansion.

Uniaxial crystals are characterized by two principal linear expansion coefficients, ¥, ,

parallel to the unique axis and &, perpendicular to the unique axis. The behavior of these

expansion coefficients at low temperature is governed by two generalized Gruneisen
parameters (GP’s) defined as

) 1 (0.9)
7;(0,9) = v (6.9) o€ d
v (6,
Y/(6.0)=— L_%,9 (13)

V(6.9 oc
where Vv (6, 9), is the velocity of the elastic waves traveling in a direction (&,@), j, is the

polarization index of the wave, @, is the angle the direction of wave propagation makes
with the unique axis, @, is the azimuthal angle € ” is a uniform areal strain perpendicular to

the unique axis and £”is a uniform longitudinal strain parallel to the unique axis. These
generalized Gruneisen parameters can be calculated from the second and third-order elastic
constants of a solid as shown by Ramji Rao and Srinivasan®®. Using the second and third-

order elastic constants the elastic wave velocities vV ; (6,9), the generalized Gruneisen

parameters }/;. (0,¢9) and 7;’(9, @) for different values of @ and@ at intervals of 5°

ranging from 0 to 90° are calculated.
The linear thermal expansion coefficients of a uniaxial crystal are given by

Va, =[28,,7(T) + S35y (D]C,(T) and
Va, =[(S,, +5,)7' @)+ S,,7(D]C,(T) (14)
Here V is the molar volume, the S are the elastic compliance coefficients, and C, (T) is

the molar specific heat at temperature 7. ¥ (T)and ¥”(T) are the effective Gruneisen

functions, being the weighted averages of the Gruneisen functions of all the normal modes
of the crystal. At very low temperatures, the effective Gruneisen parameters are determined

by the mode gammas of the elastic waves and ¥'(T') and ¥”(T) attain limiting values, ¥,
and ¥, . In terms of v, 6,9), }/;. (0,9) and 7;’(0, @), these limits are defined by

> [vi6.0)7;(6.9)de .
J=1 1

’

Yo =

3
Zjv_;3 (6, 0)dQ
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> [v)©6.0)7/(6,9)d0
Naia (15)
zjvf (6,0)dQ

The integration is over the entire solid angle. We have obtained the values of 7/6 and 7(’; by

numerical integration over the solid angle. The integrals are evaluated by dividing @ and ¢

into intervals of 5° and the values are obtained.
Brugger and Fritz* have defined the functions

Q/fr =Va, /ICy and }/”Br =Va,/C x,, where ¥, is the isothermal

compressibility. Combining equation (14) and equation (15) the low temperature limits of
the Brugger gammas are given by

7fr 0)= [(Sn + 512)7(; + S137g]//?fiw

and

Br / ”
7/|| (0) = [2Sl3 7/0 + S33 7/0 ]/Ziw (16)
Here S;; are the elastic compliance coefficients and

Kiso = 2[511 +8, + 513]+ 285+ 85
Using the values of 76 and }/g we get 7fr (0) and }/”Br (0).

iso

Using these two values, the low temperature limit ), can be calculated using the formula

¥, =277 (0)+ 1" (0). (17
Figure 1 and Figure 2 show the variations of generalized Gruneisen parameters ; and 7;’
for the three elastic waves as a function of & We have calculated the values of 76 and 7g
using Equation (15) as ¥, =2.45 and J, =2.15. Using these values in Equation (16)
the Brugger gammas are calculated and their values are }/fr (0)=0.95 and
}/”Br (0)=0.47. The low temperature limit of the Gruneisen gamma is obtained as

¥, =2.37 for LINbO,,

Conclusion

Trigonal LiNbOj; possesses seven second-order elastic constants. The values of second-order
elastic constants of LiNbOj; obtained in the present work are collected in Table 2 along with
other reported values of Takanaga et alls, Ogi et alw, Kushibiki et al'’, Kovacs et al'® and
Damle'’. The elastic constants C; which corresponds to the wave propagation along the
different axes of the crystal are in reasonable agreement with the available experimental
values. Also it is found that Cs; is greater than C;; which corresponds to the binding forces
along the basal plane of the crystal. Therefore, in LiNbO; the bonding between the atoms
along the c-direction is stronger than that between the atoms along the a-b plane. Takanaga
et al” measured the elastic constants of LiNbO; using line focus-beam acoustic microscopy
and the values are found to be in good agreement except Cy, which differ from their value by
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17.5%. Ogi et al'® have measured the elastic constants of LiNbO; using acoustic
spectroscopy and the values are found to be in good agreement except C,4 which differ from
their value by 18.3%. Kushibiki er al'’ have also measured the elastic constants of LiNbO;
using line focus-beam acoustic microscopy and the values are found to be in good agreement
except Cyy which differ their value by 17.5%. The value of C,4 differ from the measurement
of Kovacs et al' by 17.9% and differ from the measurement of Damle'’ by 9%
respectively. The reported values of these constants by different workers"® differ
considerably among themselves.

The third-order elastic constants evaluated in the present work are given in Table 4
along with the reported values of Cho er al”®, Nakagawa er al’’ and Philip et al*’. The results
obtained in the present work are of the same order with those of Cho er al”®. All the third-
order elastic constants of LiNbO; are negative except Cyq4, It is to be noted that there is only
poor agreement between the reported experimental values of the third-order elastic constants
021 This is because of the error in orienting the crystal during measurement. Also no
theoretical values are reported so far. Hence we suggest a re-measurement which we expect
to be in good agreement with the present work where we have considered two-body as well
as three-body interactions up to the third neighbours. The third-order elastic constants
deviate much in the experimental values”** as the measurements of the third-order elastic
constants have high uncertainty.

The pressure derivatives of the second-order elastic constants of LiNbO; obtained in the
present work are given in Table 5. The pressure derivatives dC ; / dp obtained in the present
work indicate that trigonal LiNbO; is compressible.

The mode Gruneisen parameters of LiNbO; for different acoustic wave propagation
directions are calculated. This data give evidence for thermal expansion anisotropy of the

. . . ” . . .
material for various acoustic modes. ¥ , which corresponds to the change in frequencies

due to a uniform longitudinal strain along the c-axis of LiNbO; 1is found to be more

anisotropic than ¥ B which refers to change in frequencies due to a uniform areal strain

perpendicular to the c-axis. Hence the vibrational anharmonicity along the c-axis is more
pronounced than that along the a-b plane in LiNbO; The variations of 7; and 7/;.’ with @

are shown in Figure 1 and Figure 2. The anisotropy in all the graphs of 7; and }/;' vs. 0
accounts for the pronounced anharmonicity of the solid in certain specific directions. The
average Gruneisen functions are 7fr (0)=0.95 and }/”Br (0) =0.47. This suggests that

the anisotropy in the thermal expansion along the c-axis is more pronounced than that along
the a-b plane.

The low temperature limit of the lattice thermal expansion ¥, is calculated from mode

Gruneisen gammas and is found to have a value /, = 2.37. The low temperature limit },

is positive and hence we expect the volume lattice thermal expansion to be positive down to
0 K for LiNbO;.
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Figure 2 Variation of the generalized GP’s 7;’ with angle @ for the different acoustic waves
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